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Abstract

The characteristics of ferroelectricity depend on a myriad of factors, including boundary conditions, sample dimensions, and mis-

fit epitaxial stresses, etc. For this reason, ferroelectric thin films generally exhibit characteristics that may be substantially different

from their bulk counterparts. Existent theoretical studies on ferroelectric thin films consider either free-standing films or films on

rigid substrates. In this paper, films on compliant substrates are considered. Treating the para/ferro-electric transition as a point

of instability of the time-dependent Ginzburg–Landau equation, the order of the transition is shown to depend sensitively on the

relative thickness of the film and substrate. It is interesting that a critical thickness of the substrate can be found, above which

the transition of a thin film of first-order bulk materials may become second-order.

� 2004 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

It is well known that the physical properties of ferro-

electrc thin films are significantly different from those of

bulk ferroelectrics. For example, due to the surface con-

straint on polarization, the para/ferroelectric transition

temperatures of the film may be substantially lowered

from the bulk, so much so that the ferroelectric transfor-

mation may be totally suppressed in very thin films. In-

deed, there are both experimental evidence [1] and
theoretical support [2–5] for such phenomena. The effect

of the depolarization field on the phase transition has

also been investigated extensively [6].

Substrates impart mechanical constraints on the thin

films, and may thus affect their phase transition charac-
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teristics, through the elastic interaction with the trans-

formation strain. The effect of the substrates comes
from two sources. Firstly, there is the epitaxial stress

generated during the fabrication process due to the mis-

fit of the two lattices. This stress may assist, or obstruct,

the transformation, and raise or lower the Curie temper-

ature of the film, accordingly [4]. Secondly, there is also

the constraint on the transformation strain due to the

presence of the substrate, which always obstructs the

proceedings of the transformation, and affects the
phase-transition characteristics, such as the order of

the transition, the universal exponents, etc. Considering

ferroelectric films with thickness much larger than the

ferroelectric correlation length (h > 50 nm), and neglect-

ing the gradient terms in free energy expression, Pertsev

et al. [7] studied the effect of mechanical boundary con-

ditions on phase diagram of ferroelectric film. Wang and

Woo [8] considered the two limiting cases, a film on a ri-
gid substrate, and a free-standing film, respectively. In

the first case, the transformation strain is completely
ll rights reserved.
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constrained by the rigid substrate. In the second case,

the constraint due to the substrate is minimized. It is

found that varying the substrate conditions may cause

a first-order bulk ferroelectric to undergo second-order

phase transition when made into a thin film. Further-

more, it is found that near the critical point, the domain
pattern along the thickness direction is a cosine func-

tion, whose period depends on the film thickness. As

for the martensitic thin films on a substrate with finite

thickness, Bhattacharya and James [9] developed a the-

ory of deformation to study the behavior of the marten-

sitic films, and Shu [10] proposed a multiscale modeling

to study the effective behavior of a heterogeneous

martensitic film.
In the present paper, we generalize previous calcula-

tions to consider ferroelectric films on a compliant sub-

strate. We study the behavior of the film near the

transition temperature. Characteristics, such as the

order of the transition and the transition temperature,

are determined as a function of the relative thickness

of the film and substrate. We are also interested in the

critical ratio between the thickness of the film and the
substrate, below which thin films of first-order transition

materials will undergo a second-order transition.
2. Model

Generally speaking, the ferroelectric phase transition

is caused by a change of the crystallographic structures
associated with a transformation strain. If the polariza-

tion P is along one direction, the transverse transforma-

tion strain can be expressed as eT = QP2, where Q is the

electrostrictive coefficient. Consider a ferroelectric thin

film and substrate system (Fig. 1). Both the film and

the substrate are treated as cubic elastic body with elas-

tic Modulus C11;C12;C
0
11;C

0
12 and thickness h, H, respec-

tively. The polarization is assumed to be normal to the
surface of the film. Due to the constraint of the substrate

and the inhomogeneous distribution of the polarizations

in the film, characteristics of the phase transition may be

affected, such as the transition temperature, or even the

order of the transitions, etc. For cubic free-standing

film, the transformation strain on the plane of the film

is eTxx ¼ eTyy ¼ QP 2, the elastic stress can be derived. First

fix the square film element to allow the transformation
to happen, it will create a normal stress in the film

rT
xx ¼ rT

yy ¼ �GQP 2, where G ¼ ðC11 þ C12 � 2C2
12=C11Þ,
Substrate

Thin film 

h

H

Fig. 1. Schematic of ferroelectric thin film and substrate system.
then, to satisfy the force-free conditions, one must apply

the negative axial force � 1
h

R h=2
�h=2 r

T
xx dz on the y-bound-

ary and x-boundary of the element. Thus, the total stress

in the film becomes rxx ¼ ryy ¼ �GQP 2 þ GQ
h

R h=2
�h=2 P

2 dz,
then the elastic strain energy can be obtained, it is due to

the inhomogeneous distribution of P along the thickness
direction. For 2D clamping film, the second term in the

stress expression is zero.

The elastic strain energy induced by the transforma-

tion strain can then be calculated,

U s ¼
1

2

Z Hþh

0

r2
xx þ r2

yy

G
dz

¼ 1

G

Z h

0

r2ðzÞ dzþ 1

G0

Z Hþh

h
r2ðzÞ dz

¼ GQ2

Z h

0

P 4 dzþ g1

Z h

0

P 2 dz
� �2

þ g2

Z h

0

P 2ðz� aÞ dz
� �2

þ g3

Z h

0

P 2 dz
Z h

0

P 2ðz� aÞ dz; ð1Þ

where

g1 ¼ Q2 Ghþ HG2=G0

ðH þ hÞ2
� 2G
H þ h

" #
;

g2 ¼ Q2 � 2G
I

þ G

3I2
a3 þ ðh� aÞ3
h i�

þ G2

3G0I2
ðH þ h� aÞ3 � ðh� aÞ3
h i�

;

g3 ¼
Q2

ðH þ hÞI G½�a2 þ ðh� aÞ2�
n

þG2=G0½ðH þ h� aÞ2 � ðh� aÞ2�
o
;

ð2Þ

where I = (H + h)3/12 is the area moment of inertia, and

the neutral axis can be determine as follows:

a ¼
R Hþh
0

GðzÞz dzR Hþh
0

GðzÞ dz
¼ Gh2 þ G0H 2 þ 2G0Hh

2ðGhþ G0HÞ : ð3Þ

During fabrication, the misfit between the film and

the substrate creates a misfit stress r0 = rxx = ryy in
the film. If the misfit strain is e0 = (as�af)/af, where as,

af are the lattice constants of the substrate and the film,

respectively, the misfit stress in the film can be derived

as,

r0 ¼ Ge0
h

H þ h
þ h2 � 2ah

2I
ðz� aÞ � 1

� �
: ð4Þ

For thick substrates, the first two terms in Eq. (4) vanish

as H ! 1 and only the last term remains.

The misfit stresses here play the role of an applied

load. Their interaction with the transformation strains

is given by,

U e ¼ �
Z h

0

ðrxxe
T þ ryye

TÞ dz ¼ �2Q
Z h

0

r0P 2 dz: ð5Þ
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According to the Landau phase transition theory, the

free energy associated with the ferroelectric thin film

could be written as

Up ¼
Z h

0

A
2
ðT � T c0ÞP 2 þ B

4
P 4 þC

6
P 6 þD

2

oP
oz

� �2

� 1

2
EdP

" #
dz

þ
Z Z

S

Dd�1

2
p2 dx dy; ð6Þ

where A, B, C, and D are expansion coefficients of the

corresponding bulk material. Tc0 is the transition tem-

perature of the bulk crystal, S represent the upper and

lower unit surface planes of the film, d is the extrapola-
tion length that measures the strength of the surface

effect on the polarization [8], and Ed is the depolarizing

field, which depends on the electric boundary condition,

which can be expressed in the following form [7]:

Ed ¼ � 1

a
P � /

h

Z h

0

P dz
� �

; ð7Þ

where a is the dielectric constant of the film, and / takes

on the value of 0 or 1, respectively, when (1) the ferro-
electric film is between two metallic electrodes in

short-circuit conditions; (2) the ferroelectric film is be-

tween two dielectrics.

The evolution equation corresponding to the energy

Eqs. (1), (5) and (6) can be established through the fol-

lowing variational derivative,

�K
oP
ot

¼ dðU s þ U e þ UpÞ
dP

¼ ðK1zþ K2ÞP þ K3P 3 þ CP 5 � D
d2P
dz2

� R; ð8Þ

where K is the kinetic coefficient related to the domain

wall mobility, and

K1 ¼ 4g2D2 þ 2g3D1 �
2QGe0

I
ðh2 � 2ahÞ;

K2 ¼ AðT � T c0Þ þ
1

a
� 4QGe0

h
H þ h

� ah2 � 2a2h
2I

� 1

� �
þ ð4g1 � 2ag3ÞD1 þ ð2g3 � 4ag2ÞD2;

K3 ¼ Bþ 4GQ2;

R ¼ /
ah

Z h

0

P dz;

ð9Þ

with

D1 ¼
Z h

0

P 2 dz; D2 ¼
Z h

0

P 2ðz� aÞ dz ð10Þ

and the boundary conditions are

oP
oz

¼ P
d
; for z ¼ 0;

oP
oz

¼ � P
d
; for z ¼ h: ð11Þ
At steady state, Eq. (8) satisfies oP/ot = 0, thus giving

LcP � �ðk1zþ k2cÞP þ D
d2P
dz2

þ /
ah

Z h

0

P dz

¼ AðT � T cÞP þ K3P 3 þ CP 5 þ ð4g2D2 þ 2g3D1ÞzP
þ ½ð4g1 � 2ag3ÞD1 þ ð2g3 � 4ag2ÞD2�P ð12Þ

where

k1 ¼�2QGe0

I
ðh2 � 2ahÞ;

k2c ¼ AðT c � T c0Þþ
1

a
� 4QGe0

h
H þ h

� ah2 � 2a2h
2I

� 1

� �
;

ð13Þ

where Tc is the transition temperature of the film.

We note that P = 0 is a trivial solution of Eq. (12),

and Tc marks a point of instability of that solution.
We are interested to find the condition for the exist-

ence of a real, stable, continuous, and non-zero solu-

tion in the neighborhood of the point of instability.

We note that this is also the condition for the transi-

tion to be second order in nature.

If the solution P exists, continuity guarantees that

in a finite neighborhood of Tc, it can be assumed

small. Following Nicholis and Prigogine [11], both P

and c = T�Tc can be expanded in a power series in

terms of a small perturbation e from the critical

point:

P ¼ eP 1 þ e2P 2 þ � � �
c ¼ T � T c ¼ ec1 þ e2c2 þ � � �

ð14Þ

This expansion is more flexible than the seemingly more

natural one in which P is expanded in a power series of

(T�Tc) [11]. More importantly, it allows fractional
power dependence of P on (T � Tc). By substituting

the expansion (14) into Eq. (12), and equating coeffi-

cients of equal powers of e, a set of relations of the fol-

lowing form can be obtained:

LcPk ¼ ak; k ¼ 1; 2; . . . ; ð15Þ
which have to be satisfied together with the bound-

ary conditions (11). The first several coefficients ak
are:

a1 ¼ 0;

a2 ¼ Ac1P 1;

a3 ¼ Ac1P 2 þ Ac2P 1 þ ðBþ 4GQ2ÞP 3
1

þ ð4g1 � 2ag3 þ 2g3zÞP 1

Z h

0

P 2
1 dz

þ ð2g3 � 4ag2 þ 4g2zÞP 1

Z h

0

P 2
1ðz� aÞ dz:

ð16Þ

It is easy to check that under the boundary condition
(11), the operator Lc is self-adjoint, and
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Fig. 2. Schematic of bifurcation diagrams for ferroelectric thin films.
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ðLcP �; PkÞ ¼
Z h=2

�h=2
PkLcP � dz ¼ ðP �; LcPkÞ

¼ ðP �; akÞ ¼
Z h=2

�h=2
P �ak dz ¼ 0; ð17Þ

where P* is the solution of the following homogeneous

equation:

LcP � ¼ 0;

dP �

dz
¼ � P �

d
; z ¼ � h

2
:

ð18Þ

Eq. (17) can be used to determine the coefficients ci.
Then from the second relation of (14), one can deter-

mine e as a function of (T � Tc). Substituting the result-
ing e into the first relation of (14) and solving the

inhomogeneous Eq. (15) results in an explicit expression

for the solution P.

The Eq. (18) is simplified with the changed variable

g ¼ D
k1

� �2=3
1
D ðk1zþ k2cÞ,

d2P �

dg2
� gP � ¼ �Rk�2=3

1 D�1=3: ð19Þ

The general solution of Eq. (19) is a linear combina-

tion of the two Airy functions Ai(g), Bi(g), there-

fore,

P �ðgÞ ¼ C1P 1ðgÞ þ C2P 2ðgÞ; ð20Þ

where

P 1ðgÞ ¼ AiðgÞ þ R0;

P 2ðgÞ ¼ BiðgÞ þ R0;
ð21Þ

and R0 is a constant, give by

R0 ¼
p
ah

k1
D

� ��1=3 Z g2

g1

AiðgÞ dg

� AiðgÞ
Z g2

g1

BiðnÞ dn� BiðgÞ
Z g2

g1

AiðnÞ dn
� �

; ð22Þ

where g1¼ðD=k1Þ2=3 � 1
D k2c; g2¼ðD=k1Þ2=3 � 1

D ðk2cþ k1hÞ.
Substitution of Eq. (20) into the boundary conditions

(18) yields a relation between the constant C1 and C2

C2 ¼ cC1; ð23Þ
where

c¼ 1

d
P 2ðg1Þ �

K1

D

� �1=3

P 0
2ðg1Þ

" #�1

K1

D

� �1=3

P 0
1ðg1Þ �

1

d
P 1ðg1Þ

" #
:

ð24Þ

Here, P 0
1ðg1Þ; P 0

2ðg1Þ are derivatives with respect to g at

g = g1, respectively.
By using the orthogonal condition (17), we obtain

c1 ¼ 0; ð25Þ
c2 ¼ � 1

A

R h=2
�h=2 P

4
1 dzR h=2

�h=2 P
2
1 dz

ðBþ 4GQ2Þ

� 1

A
R h=2
�h=2 P

2
1 dz

Z h

0

ð4g1 � 2ag3 þ 2g3zÞP 2
1 dz

Z h

0

P 2
1 dz

�

þ
Z h

0

ð2g3 � 4ag2 þ 4g2zÞP 2
1 dz

Z h

0

P 2
1ðz� aÞ dz

�
:

ð26Þ

Substituting into Eq. (14) and neglecting the higher or-

der terms, we obtain e ’ �
ffiffiffiffiffiffiffiffi
T�T c

c2

q
. From Eq. (14a), for

P to be real and physical, c2 and T � Tc must have the

same sign. Thus, in the ferroelectric regime (T < Tc), a
continuous solution exists only if c2 < 0. Equivalently,

if c2 > 0, a real and physical solution cannot be contin-

uous in the ferroelectric regime.

In the case c2 = 0, one has to consider the higher or-

der terms of the expansions, and thus the critical expo-

nents will differ from their bulk counterpart. Indeed,

the critical system behavior obtained from the foregoing

analysis can also be understood in another way. When
c2 < 0, a real and continuous solution exists only if

T < Tc, and bifurcation analysis [12] shows that both

branches of the solutions are asymptotically stable.

The corresponding phase diagram is shown schemati-

cally in Fig. 2(a). When, c2 > 0 real and continuous solu-

tions only exist in the T > Tc regime, but both branches

of the solution are found to be unstable, and are there-

fore physically unimportant. Nevertheless, it is reasona-
ble to argue, from physical considerations, that away

from the neighborhood of the critical point, there should

be a maximum value of Tmax above which only one solu-

tion (the trivial P = 0 solution) is admissible. Therefore,

the subcritical branches should turn in the direction of

decreasing temperature at some value Tmax (Fig. 2(b)),

and join the discontinuous solution in the T < Tc regime.

This behavior is also consistent with the predictions of
[8], obtained via stability analysis.
3. Results

The foregoing shows that the critical system behavior

of a thin film is determined by the sign of c2, and is

therefore not necessarily the same as that of the bulk
material, which is completely governed by the sign of



Table 1

Materials� constant of the film and substrate (SI) [7,13–15]

Tc0 (K) A(105 ) (J m C�2 K�1) D (10�9 ) (J m5 C�2) d (nm) a/a0 G (1011 Pa) G0 10
11 Pa Q (SI) e0

763 7.6 2.7 0.5 210 1.82 3.5 �0.026 0.012

Fig. 3. c2=C
2
1 vs the ratio of the film thickness over the substrate

thickness of PbTiO3/SrTiO3 system.

Fig. 4. Phase diagram of a ferroelectric film on a compliant substrate.
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B. The sign of c2 depends, in a complicated way, on the

bulk material parameters B, G, Q, film thickness h, sub-

strate thickness, and the surface conditions, through

Eq. (26). Some general observations can be made. The

condition B > 0 also implies c2 < 0, and hence the tran-

sition of a thin film is always second order with a critical

exponent of 1/2, if the bulk material is second-order.

This is independent of the film thickness, substrate
thickness and surface conditions considered here.

The interesting case is when B < 0, c2 may then take

either signs for different film and substrate thicknesses

and surface conditions. Thus, if c2 is negative, the ferro-
electric transition of the film is second-order and contin-

uous, despite being first-order and discontinuous in the
bulk. An example can be found in a well-known first-or-

der ferroelectric material PbTiO3, the materials parame-

ters of which are listed in Table 1. Plotted in Fig. 3 is

c2=C
2
1 vs the ratio of the film thickness over the substrate

thickness. It can be seen that if one can control the ratio

h/H < 0.6, one can change the first-order transition into

second-order. To graphically show the effect of the sub-
strate, a phase diagram is constructed (Fig. 4), where the

vertical axis is the elastic modulus G0 of the substrate,

the horizontal axis is h/H, and the properties of the film

remain the same.
4. Summary

In summary, the effect of the mechanical constraint of

the substrate on ferroelectric phase transition was inves-

tigated. By considering ferroelectric thin films on a com-

pliant substrate, we found that the characteristics of the

phase transition, such as, the transition temperature, the

order of the phase transition, etc., can be tuned simply

by changing the relative thickness of the film and sub-

strate. We emphasize that the conclusions obtained in
this paper need experimental verification.
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